Inspired by work of Ladkani, we explain how to construct generalisations of the classical reflection functors of Bernšteȋn, Gel fand and Ponomarev by means of the Grothendieck construction.
Introduction
Reflection functors were introduced to representation theory by Bernšteȋn, Gel fand, and Ponomarev in the seminal article [BGP73] to provide a more transparent proof of Gabriel's Theorem [Gab72] . After fundamental work of Brenner and Butler [BB76] , the BGP reflection functors were extended by Auslander, Platzeck and Reiten [APR79] to Artin algebras with a simple projective (resp. injective) module. It was then observed by Happel [Hap87] that BGP reflection functors can be understood conceptually in terms of derived equivalences induced by what nowadays are called APR tilting complexes. These equivalences have been used, for example, to show that the derived category of representations of a finite quiver whose underlying graph is a tree does not depend on its orientation.
Generalising the BGP reflection functors for tree quivers, Ladkani [Lad07a] constructed equivalences between derived categories of representations of finite posets in an arbitrary abelian category. Ladkani uses these 'generalised BGP reflection functors' to establish derived equivalences between posets arising naturally in representation theory and combinatorics [Lad07b, Lad07c, Lad08a] . In a similar spirit, abstract versions of the BGP reflection functors were developed by Groth andŠťovíček in a series of articles [GŠ18b, GŠ16a, GŠ16b] with the most general form of their construction appearing as the main result in [GŠ18a] .
In this article we construct generalised BGP reflection functors by leveraging a general equivalence between two stable ∞-categories associated to an exact functor via gluing operations, thereby unifying the aforementioned approaches. From the perspective of semi-orthogonal decompositions [BK89] , these generalised BGP reflection functors can be interpreted as a mutation between the two decompositions associated to an admissible subcategory of a stable ∞-category. Note that the mentioned gluing operations cannot be performed with triangulated categories and thus we are required to pass to a richer framework such as that of Lurie's stable ∞-categories.
In Section 1 we recall two-equivalent-procedures to glue stable ∞-categories along an exact functor. In Section 2 we construct the generalised BGP reflection functors (Theorem 2.3) and discuss applications and examples.
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Preliminaries: gluing along an exact functor
Recall that a pointed ∞-category C with finite limits and finite colimits is stable if the suspension functor Σ C : C → C and the loop functor Ω C : C → C, given by
and
respectively, are mutually quasi-inverse equivalences, see Proposition 1.4.2.11 in [Lur17] . The following construction is the raison d'être for the use of stable ∞-categories in this article.
Construction 1.1. Let F : B → A be an exact functor between stable ∞-categories.
1. Let L (F ) be the ∞-category defined by the following pullback diagram in the (very large) ∞-category CAT ∞ of ∞-categories:
Thus, informally, an object of L (F ) can be identified with a triple
where b is an object of B, a is object of A, and F (b) → a is a morphism in A. The ∞-category L (F ) is stable as it is a limit of stable ∞-categories and exact functors 1 .
2. Dually, we define L (F ) to be the (stable) ∞-category defined by the following pullback diagram in CAT ∞ :
where b is an object of B, a is an object of A, and a → F (b) is a morphism in A.
Remark 1.2. The stable ∞-category L (F ) (resp. L (F )) associated to an exact functor F can be identified 2 with the stable ∞-category of sections of the contravariant (resp. covariant) Grothendieck construction. See Section 3.2 in [Lur09] for more details on the Grothendieck construction. Lemma 1.3. Let F : B → A be an exact functor between stable ∞-categories. There are mutually quasi-inverse equivalences
which, informally, are given by
Proof. Consider the solid commutative diagram of stable ∞-categories and exact functors
where the bottom and top squares are the pullback squares (1) and (2), respectively. Since Cofib and Fib are mutually quasi-inverse equivalences, the functoriality of pullbacks implies the existence of the desired mutually quasi-inverse equivalences S − and S + which render the above cube commutative.
The statement of Lemma 1.3 has the following interpretations in terms of the classical concepts of recollements and semi-orthogonal decompositions.
Remark 1.4. Recollements were introduced by Beȋlinson, Bernšteȋn and Deligne in [BBD82] in the language of triangulated categories. It has since been observed that, when working with enhanced triangulated categories, recollements can be recovered from their gluing functors. For example, using differential graded categories as enhancements-as proposed in [BK90]-the relevant theory is developed systematically in [KL15] ; a treatment in the language of stable ∞-categories can be found in Appendix A.8 in [Lur17] . Recall that a recollement is a diagram of stable ∞-categories and exact functors of the form
such that the following conditions are satisfied:
1. The functor i is fully faithful and its essential image is precisely the kernel of p. Moreover, there are adjunctions i L i i R .
2. There are adjunctions p L p p R and the functors p L and p R are fully faithful.
The gluing functor of a recollement of the form (3) is the exact functor i R • p L : B → A. The results of Appendix A.8 in [Lur17] imply that the forgetful functor which associates to a recollement of stable ∞-categories its gluing functor induces an equivalence of ∞-categories between the ∞-category of recollements and the ∞-category Fun(∆ 1 , Cat ex ∞ ) of exact functors between stable ∞-categories. Construction 1.1 provides two possible quasi-inverses to this equivalence while Lemma 1.3 provides a canonical identification between these quasi-inverses. Indeed, for an exact functor F : B → A between stable ∞-categories, the functors S − and S + induce mutually quasi-inverse equivalences of recollements
Remark 1.5. Semi-orthogonal decompositions were introduced by Bondal and Kapranov in [BK89] in the language of triangulated categories. In their language, the datum of a recollement with middle term C is equivalent 3 to the datum of the inclusion A ⊂ C of an admissible subcategory, that is a subcategory such that the inclusion has left and right adjoints. To such a subcategory correspond two semi-orthogonal decompositions A ⊥ , A and A, ⊥ A of C which are mutations of one another. In terms of the recollement data, the corresponding orthogonals are given by A ⊥ = p R (B) and ⊥ A = p L (B). Let F := i R • p L : B → A be the gluing functor.
1. The stable ∞-category L (F ) is canonically equivalent to the ∞-category of arrows in C from A ⊥ to A and hence, via the fibre functor, also equivalent to C itself.
2. The stable ∞-category L (F ) is canonically equivalent to the ∞-category of arrows in C from A to ⊥ A and hence, via the cofibre functor, also equivalent to C itself.
Hence, the resulting equivalence L (F ) L (F ) (which agrees with the one from Lemma 1.3) can be interpreted as passing from the description of the category C in terms of the semi-orthogonal decomposition A ⊥ , A to a description in terms of the mutated decomposition A, ⊥ A . In particular, from this perspective, the generalised BGP reflection functors constructed below arise from mutations of semi-orthogonal decompositions.
Generalised BGP reflection functors
We fix a stable ∞-category D throughout this section. For a small ∞-category Z we denote by D (Z) the ∞-category Fun(Z, D) of Z-shaped diagrams in D. Our aim is to construct equivalences of the form
using the functors of Lemma 1.3, where Z is obtained from Z by 'reflecting some arrows'. When Z is a quiver or a poset and D is the derived ∞-category of vector spaces over a field, these equivalences reduce-after passing to homotopy categories-to triangle equivalences between derived categories of representations. This is a consequence of the following general fact, see for example Proposition 4.2.4.4 in [Lur09] .
Fact. Let D A be the derived ∞-category of a Grothendieck category A. The derived category of the Grothendieck category A Z of Z-shaped diagrams in A is equivalent to the homotopy category of the stable ∞-category D A (Z).
The main theorem
Let Q = (Q 0 , Q 1 ) be a quiver. For a Q-shaped diagram F : Q → Cat ∞ of small ∞-categories, we denote the covariant (resp. contravariant) Grothendieck construction of F by Q F (resp. Q F); we refer the reader to Section 3.2.5 in [Lur09] for details 4 . Following Definition 4.12 in [Lad08b] , we say that Q is bipartite if there exists a decomposition Q 0 = V∪ W such that all arrows are of the form v → w for v ∈ V and w ∈ W . If Q is bipartite, then the (small) ∞-categories Q F and Q F are 
where Q v/ (resp. Q op /v ) denotes the slice category of objects under (resp. over) v. In the case Q = {0 → 1}, corresponding to a functor f : X → Y between small ∞-categories, the ∞-categories Q F and Q F can be schematically illustrated as follows:
The coloured regions indicate commutativity relations. In particular, for M ∈ w∈W D (Fw) and x ∈ Fv we have
The following result extends Ladkani's main theorem in [Lad07a] from posets to small ∞-categories.
Theorem 2.3. In the setting of Construction 2.2, there are canonical equivalences of stable ∞-
In particular, the functors of Lemma 1.3 induce mutually quasi-inverse equivalences of stable ∞-categories
We call these equivalences generalised BGP reflection functors.
Proof. We only establish the existence of the leftmost equivalence in (5), the other one being analogous. Note that the existence of the desired equivalences (6) then follows immediately from Lemma 1.3. Firstly, applying the functor D (−) = Fun(−, D)-which takes 6 pushouts in Cat ∞ to pullbacks in CAT ∞ -to the diagram (4) we see that the leftmost square in the diagram
is a pullback of ∞-categories, where the bottom horizontal composite is precisely the functor F . Secondly the rightmost square can be identified with the pullback square
Therefore the outer rectangle in (7) is also a pullback square. Finally, the claim follows by comparison with the pullback square (2) defining L (F ).
Applications
We now explain how to recover the main result in [GŠ18a] Corollary 2.4. There are mutually quasi-inverse equivalences of stable ∞-categories 
The coloured regions indicate commutativity relations.
The following result recovers the classical BGP reflection functors by letting D be the derived ∞-category of vector spaces over a field.
Corollary 2.6 (Classical BGP reflection functors). Let Y be a small ∞-category and choose finitely many objects y 1 , . . . , y d ∈ Y classified by functors f 1 , . . . , f d : * → Y . There are mutually quasiinverse equivalences
induced by the functors of Lemma 1.3, where f :
Proof. This is the case of Corollary 2.4 where X is a point.
Remark 2.7. In the setting of Corollary 2.6, the ∞-categories K d f and
Y by adjoining a new source (resp. sink) y with free arrows y → y i (resp. y i → y). In particular, if Y is a poset, then K d f and K d f are almost never posets. The functor S − acts as follows: Given a representation M :
The action of S + can be described similarly, in terms of the fibre functor. This description is in complete analogy with the classical BGP reflection functors; moreover, one can show that it agrees with the abstract reflection functors of [GŠ18a] .
The following result extends Corollary 1.3 in [Lad07a] from posets to small ∞-categories. The coloured regions indicate commutativity relations.
The following result extends Corollary 1.5 in [Lad07a] from posets to small ∞-categories. Recall that, given an ∞-category X, there are ∞-categories X and X obtained by adding to X a terminal object ∞ or an initial object −∞, respectively. for each object x of X. The action of S + can be described similarly, in terms of the fibre functor. Note the stark contrast with the action of the reflection functors of Corollary 2.6, which deals with the case of freely adjoined sinks or sources.
